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Linear forward and inverse problems
• Forward/Direct problem: u = u(σ) s.t.

u = Bu +Mσ+F

u ∈Rnu state variable, σ ∈Rnσ design/control parameter
B ∈Rnu×nu , M ∈Rnu×nσ ,F ∈Rnu

• Inverse problem: H ∈Rn f ×nu ,

Measure Hu(σ) = f −→ Find σ from f ?

• Assumptions:
(i) ρ(B) < 1 ⇒ when σ is given,

fixed-point iteration u`+1 = Bu`+Mσ+F, `= 0,1, . . . converges.
(ii) H(I −B)−1M injective ⇒ uniqueness of the inverse problem.
(iii) Spaces for u,σ, f : Hilbert spaces with arbitrary scalar products.

" For a matrix A, denote by A∗ the adjoint operator of A.
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Solve the inverse problem

Measure f = Hu(σex) −→ Find σex?

→ Method of Least Squares + Lagrangian technique

• Cost function:
J (σ) = 1

2

∥∥Hu(σ)− f
∥∥2

• Lagrangian: L (u,σ, p) = 1
2

∥∥Hu − f
∥∥2 +〈Bu +Mσ+F −u, p〉

• Recall state u = u(σ): u = Bu +Mσ+F

• Adjoint state p = p(σ):
p = B∗p +H∗(Hu(σ)− f )

• Gradient:
∇J (σ) = M∗p(σ)
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Two classical methods
Usual GD

with fixed step size τ> 0
Shifted GD

with fixed step size τ> 0
σn+1 =σn −τM∗pn

un = Bun +Mσn +F

pn = B∗pn +H∗(Hun − f )


σn+1 =σn −τM∗pn

un+1 = Bun+1 +Mσn +F

pn+1 = B∗pn+1 +H∗(Hun+1 − f )

Order of updating: [σ→ u → p] Order of updating:
[
σ

u → p

]
Converges for any initial σ0 if Converges for any initial σ0 if

τ< 2
‖H‖2‖M‖2‖(I−B)−1‖2 τ< 1

‖H‖2‖M‖2‖(I−B)−1‖2

Note: GD = gradient descent

Forward and adjoint problems are solved exactly
by a direct solver (e.g. LU)
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Principle of one-shot inversion methods
• Issue: Large-scale forward/adjoint problems? → Iterative methods!
An interesting idea:

Solve forward and adjoint problems iteratively
for example by fixed-point iteration:

u`+1 = Bu`+Mσ+F, `= 0,1, ...,

p`+1 = B∗p`+H∗(Hu − f ), `= 0,1, ...

and couple schemes on u, p,σ to solve the inverse problem.
→ One-shot inversion methods!
(Ta’asan 1991, aerodynamic shape optimization,...)

Need high accuracy on solving forward/adjoint problems?

• Motivation: Lower accuracy on u, p may still lead to convergence of σ.
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Principle of multi-step one-shot methods
Idea: do just k inner iterations on u, p

k-step one-shot Shifted k-step one-shot

σn+1 =σn −τM∗pn

un+1
0 = un , pn+1

0 = pn∣∣∣∣∣ un+1
`+1 = Bun+1

`
+Mσn+1 +F

pn+1
`+1 = B∗pn+1

`
+H∗(Hun+1

`
− f )

un+1 = un+1
k , pn+1 = pn+1

k



σn+1 =σn −τM∗pn ,

un+1
0 = un , pn+1

0 = pn ,∣∣∣∣∣ un+1
`+1 = Bun+1

`
+Mσn +F,

pn+1
`+1 = B∗pn+1

`
+H∗(Hun+1

`
− f )

un+1 = un+1
k , pn+1 = pn+1

k
Update σ then use it to update
u, p at the same time Update σ,u, p at the same time

n: index of outer iteration (on σ)
`: index of inner iteration (on u, p), `= 1,2...,k
Here inner iteration is fixed point iteration

Forward and adjoint problems are solved incompletely
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Questions and state of art
Motivation: Lower accuracy on u, p may still lead to convergence of σ.

Maybe large k is not really necessary.
Question 1. (Convergence analysis) Prove method convergence?

System of errors of multi-step one-shot can be rewritten as fixed point
iteration where 3×3 block iteration matrix depends on τ.

Fact: ρ(A) spectral radius of matrix A then An n→∞−→ 0 ⇔ ρ(A) < 1.

→ Study eigenvalues of the iteration matrix?
• Griewank 2006: k = 1 & real eigenvalues
• Lack of literature for k ≥ 2, complex eigenvalues (even when k = 1)

Question 2. (Overall convergence speed)
Fix τ, given stopping rules. N (k) = #outer iteration.
Which k minimizes k ·N (k) = #inner iteration ·#outer iteration?

• To be investigated
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Outline: Our contribution

Question 1. (Convergence analysis) Prove method convergence?

X Scalar case: third-order polynomial eigenvalue equation
Marden’s algorithm to establish necessary and sufficient condition on τ

X General case: complicated eigenvalue equation
Operator estimations to establish sufficient condition on τ

Question 2. (Overall convergence speed)
Fix τ, given stopping rules. N (k) = #outer iteration.
Which k minimizes k ·N (k) = #inner iteration ·#outer iteration?

X Numerical experiments with linearized Helmholtz scattering problem
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Scalar case

• Scalar case:
{

u = bu +mσ,

measure hu(σ)
where u,σ,b,m,h ∈R; |b| < 1; hm 6= 0.

• To solve the inverse problem:


f = hu(σex)

cost function J (σ) = 1
2 (hu(σ)− f )2

adjoint p = bp +h(hu − f )

Proposition (Necessary and sufficient conditions for convergence)

Shifted GD: τ< (1−b)2

h2m2

Usual GD: τ< 2(1−b)2

h2m2

Shifted k-step one-shot: τ< κ(k,b)
h2m2 , κ(k,b)

k→+∞−→ (1−b)2

k-step one-shot: τ< η(k,b)
h2m2 , η(k,b)

k→+∞−→ 2(1−b)2

where κ and η are explicit functions.
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General case: Convergence proof (e.g. k-step one-shot)
• Calculate the iteration matrix (3×3 block) from the scheme:pn+1

un+1

σn+1

=
(B∗)k −τXk M M∗ Uk Xk M

−τTk M M∗ B k Tk M
−τM∗ 0 I

pn

un

σn


where Tk = I +B + ...+B k−1, k ≥ 1,

Uk = (B∗)k−1H∗H + (B∗)k−2H∗HB + ...+H∗HB k−1,k ≥ 1,
X1 = 0, Xk = (B∗)k−2H∗HT1 + (B∗)k−3H∗HT2 + ...+H∗HTk−1,k ≥ 2.

• Compute the eigenvalue equation for the iteration matrix (using
substitution method): If λ ∈C\{0}, λ ∉ Spec(B k ) then ∃ y ∈Cnσ ,

∥∥y
∥∥= 1 s.t.

λ(λ−1)+τ〈M∗
[

I − (B∗)k

λ

]−1
[(λ−1)Xk +T ∗

k H∗HTk ]
(
I − B k

λ

)−1
M y, y〉 = 0

• Find condition on τ in two main cases:
- Real λ: relatively simple since positive semi-definite matrices appear.
- Complex λ: separate eigenvalue equation into real and imaginary parts,
then study a wisely-chosen combination of them.
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Main result
Theorem (Method convergence)
∃τ> 0 sufficiently small such that (shifted) k-step one-shot, k ≥ 1,
converges. Moreover, if ‖B‖ < 1, the sufficient condition on τ is of the form

τ< χ(k,‖B‖)

‖H‖2 ‖M‖2 for some explicit function χ.

• χ(k,‖B‖) does not depend on the dimensions of spaces for u,σ, f .
• Non-optimal (i.e. restrictive) range for τ:

Scalar case when B = b ∈ (0,1): χ(k,b) < η(k,b)︸ ︷︷ ︸
optimal for k-step one-shot

,

χ(k,‖B‖)
k→+∞−→ constant‖B‖ < 2(1−‖B‖)2︸ ︷︷ ︸

optimal for usual GD

,

χ(k,‖B‖)
‖B‖→0−→ constant< 2︸︷︷︸

optimal when B=0 for both usual GD and k-step one-shot (k≥2)

, k ≥ 2.
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Linearized Helmholtz equation

• Total field u ∈ H 1(Ω):
{

div(σ∇u)+ k̃2u = 0 in Ω
u = f on ∂Ω

where σ :Ω→R, wavenumber k̃ ∈R.

• Incident field u0 ∈ H 1(Ω):
{

div(σ0∇u0)+ k̃2u0 = 0 in Ω
u0 = f on ∂Ω

where σ0 :Ω→R, (σ0 −σ)|∂Ω = 0.

• Scattered field u −u0 verifies (u −u0)|∂Ω = 0 and in Ω,
div(σ0∇(u −u0))+ k̃2(u −u0) = div((σ0 −σ)∇u0)+div((σ0 −σ)∇(u −u0)).

Born approximation: neglect div((σ0 −σ)∇(u −u0)).
Abuse of notations: (u −u0) ← u and (σ0 −σ) ←σ, we obtain the

linearized scattered field u ∈ H 1(Ω):{
div(σ0∇u)+ k̃2u = div(σ∇u0), in Ω,

u = 0, on ∂Ω
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Toy model with linearized Helmholtz equation
• Direct problem: Ω⊂R2, u ∈ H 1(Ω) linearized scattered field{

div(σ̃0∇u)+ k̃2u = div(σ∇u0) in Ω
u = 0 on ∂Ω

(1)

where σ :Ω→R, σ|∂Ω = 0 "simple enough" (e.g. piecewise constant),
σ̃0 =σ0 +δσr given with δ> 0 and random σr,
u0 ∈ H 1(Ω) incident field:{

div(σ̃0∇u0)+ k̃2u0 = 0 in Ω
u0 = f on ∂Ω

• Inverse problem:

Measure Hu(σ) := σ̃0
∂u(σ)
∂ν

∣∣∣
∂Ω

= g → Find σ from g?

• Idea: FEM discretization of (1) with small δ> 0 can be written as
u = Bu +Mσ+F, ‖B‖2 < 1
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Setting for the numerical experiment
• Wavenumber k̃ = 2π, δ= 0.01

• Ω disk

• u ∈P1,nu = 5853
σ ∈P0,nσ = 6

Exact σex =
{

10 in squares
0 otherwise

• Multiple data gm , 1 ≤ m ≤ 6 given by
zero-order Bessel function of second kind
centered at the source points

• Cost function = Normalized sum with
contributions of different data

Figure: Domain with 6 source
points, σ supported in 3 squares.

• Initial guess σ0 =
{

12 in squares
0 otherwise
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k-step one-shot: fix k = 1, vary τ

X For each k, k-step one-shot converges with sufficiently small τ.
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Shifted k-step one-shot: fix k = 1, vary τ

X For each k, shifted k-step one-shot converges with sufficiently small τ.
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k-step one-shot: fix τ= 2.5, vary k

With fixed τ, which k gives good method convergence?
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k-step one-shot: fix τ= 2.5, vary k

Question 2. Which k minimizes #inner iteration ·#outer iteration?
→ k = 3 in this experiment. In general we expect to see small minimizer k.
Tuan Anh Vu (Inria, IP Paris) Multi-step one-shot methods JCJC Ondes - 11/2022 19 / 22



Introduction Convergence analysis Numerical experiments for a toy problem Outlook

Outlook
• Large-scale problems? → Domain decomposition methods:
fixed-point iteration where subproblems on subdomains are solved in
parallel using direct solvers

Figure: A famous example of domain decomposition.

Combine one-shot inversion methods and domain decomposition?

• Noisy data

• Non-linear problems

• Acceleration techniques
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End of presentation

Thank you for your attention!
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